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Perturbations of a Schwarzschild black hole reduce to a one-dimensional Schrodinger-type equa-
tion with an effective potential barrier. Unlike ordinary bound-state problems, quasinormal modes
satisfy outgoing wave boundary conditions at infinity and ingoing wave boundary conditions at
the black hole horizon, making the eigenvalue problem non-Hermitian and giving discrete complex
frequencies. This paper explains the quantum-mechanical structure of these modes through the
WKB approximation and the relation between potential barrier resonances and the bound states of

inverted potentials.

INTRODUCTION

A quasinormal mode (QNM) is a characteristic oscil-
lation of an open, dissipative system that decays with
time. The associated frequency of a quasinormal mode
is therefore complex, where the real part gives the phys-
ical oscillation frequency and the imaginary part gives
the rate of damping. An example of such an “open” sys-
tem is a black hole, from which radiation can escape to
infinity and can also cross into its event horizon.

One important reason to study black hole QNMs is
that they describe the stage after a black hole is dis-
turbed. For example, after a binary black hole merger,
the remnant black hole settles down by emitting gravi-
tational waves in damped oscillations whose frequencies
and decay times are determined by its properties like
mass and spin. Quasinormal modes are the characteris-
tic tones of the black hole [9, 10].

To describe the damping of QNMs mathematically, let
U(t,z) denote the full time-dependent wave perturba-
tion, and let ¥ (x) denote its spatial component. For a
single mode, we separate the time and spatial dependence
by writing

U(t,z) = e™ho(x), w=wpg + I (1)

Then we can write

eiwt — einteth.
Here, wp sets the physical oscillation frequency and I' > 0
sets the damping rate.

Interestingly, the radial perturbation equations of a
Schwarzschild (uncharged and non-rotating) black hole
take the same mathematical form as a one-dimensional
time-independent Schrodinger equation. The black hole
does not produce a potential well, but instead produces
an effective potential barrier. The QNM problem can
therefore be analyzed in a way similar to a quantum res-
onance problem.

In this paper, I will first show how the Regge-
Wheeler equation describing Schwarzschild perturbations
becomes a one-dimensional barrier problem. Second, I
will explain the quasinormal mode boundary conditions

that make the problem non-Hermitian, giving complex
eigenvalues. Third, I will show how the WKB approxi-
mation can be used near the top of the barrier potential
to find the leading QNM spectrum in terms of the bar-
rier height and curvature. Fourth, I will show how Fer-
rari and Mashhoon relate the QNMs of an analytically
solvable barrier to bound states of an inverted potential,
specifically for the inverted Poschl-Teller and Eckart po-
tentials. Finally, I will touch on recent work by Volkel
that extends this bound state correspondence to spec-
tra that are known through numerical computation, and
shows that the original inverted Regge-Wheeler bound
states give information about overtones and stability.

THE REGGE-WHEELER EQUATION AS A
SCHRODINGER EQUATION

The Schwarzschild metric for a non-rotating, un-
charged black hole of mass M is

M —1
d52 = — (1 — 2) dt2 + (1 _ m) d?"2 +7‘2d92,
T T

(2)
where dQ? = d6? +sin®#d¢? and G = ¢ = 1. In 1957,
Regge and Wheeler studied small nonspherical perturba-
tions of this geometry and separated the angular depen-
dence into spherical harmonics labeled by ¢ and m [1].
They separated the perturbations into odd-parity and
even-parity sectors. They found that for the odd-parity
sector, the radial equation can be written as one second-
order equation after introducing the tortoise coordinate

r dr, oM\ !
T*:T+2M1n(m—1)7 d'f‘_<1_r> .
(3)

The black hole horizon r = 2M is mapped to r, — —o0,
while spatial infinity is mapped to r, — +o0.

The Regge-Wheeler equation is

2
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with the Regge-Wheeler potential:
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This has the same differential equation form as a one-

dimensional stationary Schrodinger equation in units
2m=h=1,

r

d2

e+ E-V@ly=0. (©
However, the Regge-Wheeler and Schrodinger equations
differ in their boundary conditions.

The Regge-Wheeler potential is a barrier. It vanishes
at the horizon » = 2M because of the factor 1 — %,
and it vanishes at spatial infinity because it decreases
according to af«%l) as r — 4o00. Between these limits,
the Regge-Wheeler potential has a maximum close to r =
3M, which is a region called the photon sphere. This is
the radius where massless particles can orbit the black
hole on unstable circular null paths. In the large ¢ limit,
the peak of the potential approaches this radius exactly.
The resulting problem is therefore a scattering problem
on the line —oo < 7, < 00.

Zerilli later showed that even-parity perturbations
can also be written in a Schrodinger-type form,
but with a different effective potential [2].  Chan-
drasekhar and Detweiler found that the odd- and even-
parity Schwarzschild perturbation spectra are the same
[3]. Then, for the quantum mechanical discussion of
Schwarzschild perturbations, it is sufficient to study just
the Regge-Wheeler potential.

QNM BOUNDARY CONDITIONS

For a standard quantum bound state, the wavefunction
must be square-integrable:

Y(x) =0 as z — Foo. (7)

This condition ensures that the Hamiltonian is Hermitian
under the usual inner product and gives real, discrete
energies.

For an ordinary scattering problem with real E = k2,
we can specify an incoming wave and solve for the re-
flected and transmitted waves. For a barrier that van-
ishes at both ends, a wave incident from the left has the
asymptotic form

w(l,) ~ e—ikx +R(k)ezkx’
(@) ~ T(k)e ™,

xr — 400, (8)
T — —00, (9)
where R and T are reflection and transmission ampli-
tudes. For real k, this is a unitary scattering problem.

The condition for QNMs is different. There is no inci-
dent wave from infinity and no wave coming out of the

past horizon. For black holes, the mode must be outgo-
ing at spatial infinity and ingoing at the horizon. With
U = e@i)(r,), this means

w(T*) ~ e—iw’l“* I

¢(T*) ~ e+iwr*7

Ty — +00, (10)
Ty —> —00. (11)

The first gives e*(*=7+) a wave moving toward larger r,.
The second gives ¢(t+7+) | a wave moving toward smaller
r,. and therefore into the horizon.

These boundary conditions give the resonance condi-
tion: there is an outgoing wave on each side of the barrier
but no incoming wave. Since w is complex, the spatial
part of the mode is not normalizable. If w = wgr+i[" with
I > 0, then Eq. (10) grows as el ™ at spatial infinity and
Eq. (11) grows as e 1" near the horizon. This diver-
gence is the behavior of resonance eigenfunctions after
imposing purely outgoing boundary conditions.

The main takeaway is that Eq. (4) may look Hermitian,
but the QNM boundary conditions make the eigenvalue
problem non-Hermitian. Thus, the spectrum of quasi-
normal modes is discrete and complex, rather than real.

WKB APPROXIMATION

The semiclassical approximation gives a direct way to
estimate the QNM frequencies. For

a2

o Q) =w V),  (12)

+ Q(2)y =0,
the local wavenumber is

k(z) = V/Q(z) = Vw? — V(z). (13)

Away from turning points, the leading WKB solutions
are

x

YwkB(T) ~ exp (ii k(2" da:’) . (14)

k() Trer
where x,of is an arbitrary reference point [4].

For the fundamental mode and first few overtones, w
is close to the maximum of the effective potential barrier.
Here, the fundamental mode means the n = 0 mode, and
the first few overtones are the modes with n = 1,2,....
In the Schrédinger-like equation, w? is close to the max-
imum value of V(x).

Let xp be the position of that maximum and define

2

d*v

2
dx 0

Vo = V(xo), Vy = <0. (15)

Near the maximum, we can expand:

V(z) =V + %Vo"(x — w0)2 4+ (16)



In an ordinary WKB barrier problem, the classical turn-
ing points are the points where

w? —V(z)=0. (17)

If these points are well separated, we can match the
WKB solution across the left turning point, propagate
it through the middle region, and then match it again
across the right turning point. For black hole QNMs,
as previously mentioned, the lowest overtones have fre-
quencies with w? close to the barrier height. In this case,
the two turning points are not well separated and nearly
merge, which means the WKB connection formulas are
no longer the correct approximation.

Instead, we expand the potential near its maximum
and match the wavefunction across the entire barrier
peak region at once. Schutz and Will carried this out
to leading order, and Iyer and Will extended the same
idea to higher order [5, 6].

At lowest order, the QNM quantization condition is

w? =V . 1
\/TVO/I:Z<W/+2>, n:O,LQ,.... (18)
Thus

1
w2~ Vo +i <n + 2) Vv —2Vy. (19)

The barrier height sets the main oscillation scale, while
the curvature controls the energy leakage rate. A slowly
varying barrier gives smaller damping, while a sharply
curved barrier gives larger damping.

This equation motivates a correspondence between
QNM resonances and bound states of an associated po-
tential well. In an ordinary potential well, the WKB
quantization comes from matching decaying tails to os-
cillatory motion between turning points. For a QNM,
the matching is instead done across a potential maxi-
mum and the boundary conditions are outgoing. The
resulting quantization condition has a structure similar
to the ordinary bound-state quantization, including the
factor of n + %, but with the frequency continuing into
the complex plane.

THE INVERTED POTENTIAL METHOD

In 1984, Ferrari and Mashhoon exactly defined the cor-
respondence between QNMs and bound states for analyt-
ically solvable potentials [7]. Consider a barrier problem

d*s 9

e + [w — V(a:,P)] P =0, (20)
where P denotes the parameters of the potential. Sup-
pose that the potential has the transformation property

V(x, P) = V(—ix, P'), P'=T(P), (21)

where T denotes the parameter map P — P’.

Under the complex coordinate transformation x —
—iz, the QNM factors of e*™? become exponentials
et For the conditions listed in Eqs. (10) and (11),
the transformation r, — —ir, gives

P(re) ~ e,

¢(7"*) ~ e-‘rWT‘*)

T4« — $00, (22)
Ty —> —00. (23)

Thus, the outgoing boundary conditions of the barrier
problem are mapped into decaying boundary conditions
of an ordinary bound-state problem.

The differential equation itself also changes:

P+ (W= V(r,P)] =0
is transformed into
9" 4 [~w® + V(—ir,, P)] ® = 0.
If V(—ir., P) = V(r«, P’), this becomes
" + [-w? + V(r.,P")] ® =0.

Equivalently, this is a bound-state equation in the in-
verted potential —V (1., P'), with energy E = —w?.

It is common to write the negative bound-state energy
as B, = —02, so that Q, is the bound-state eigenvalue
parameter. The QNM frequency is then obtained from
Q,, after applying the inverse parameter transformation.

In this form, the transformed equation is the ordinary
Schrodinger eigenvalue problem for bound states in the
inverted potential well —V. It is important to understand
that the black hole potential itself has not become a phys-
ical quantum well. Instead, the QNM eigenvalue prob-
lem for the potential has been mapped to a bound-state
eigenvalue problem for an associated inverted potential.
When the parameter transformation is carried out ana-
lytically, the QNM frequencies can be obtained analyti-
cally by continuing the bound-state spectrum back to the
original barrier problem.

For the exact Regge-Wheeler potential, the problem is
that the bound-state spectrum of the inverted potential is
not known in closed form. Ferrari and Mashhoon there-
fore approximated the potential by those with bound
states that are known analytically. This approximation
is done by matching the solvable potential to the Regge-
Wheeler potential near its maximum.

THE POSCHL-TELLER POTENTIAL

A useful example is the Pdschl-Teller potential, be-
cause both its bound-state spectrum and its resonance
structure are known analytically [10, 13]. The Péschl-
Teller barrier is

Vo

Ver(z) = cosh[a(z — 20)]

(24)



Here 1} is the height of the barrier, zq is the location of
the maximum, and « controls the width. It is matched to
the Regge-Wheeler barrier by requiring the same height
and curvature at the maximum:

d*V;
VPT(l‘O) = Vo, d I;T = VON. (25)
2 |,
Since
d2
N B T —— i =—20%Vp,  (26)
dx® cosh®[a(x — z0)] | ,—,,
the matching condition gives
V//
2 0
= — ) 27
o oV (27)

Now, we invert the barrier. For simplicity, we can shift
the coordinates so that the maximum is at g = 0. Then,
the bound-state equation for the Péschl-Teller well is

2
% {ws}:ﬁ@ - 92} #=0, (28)
where E = —Q? < 0. The boundary condition is
o(x) = 0 x — +o0. (29)
With the change of variables

z = tanh[a(x — x0)],

the bound-state equation becomes

(1-2%)

d*® dd Vo 92/a?
— — 22— — — P =0.
dz? “dz * LP 1— 22
This has the standard form of the associated Legendre
equation,

12
1—22

(1—2%)y" — 22y’ + [u(y—l—l) = ]yZO,

provided

Vo
?:V(V_Fl% n=

Q

"

Normalizability as * — +oo, equivalently as z — +1,

imposes the condition
w=v-—mn, n=0,1,2,..., n<vu. (30)

Thus the bound-state spectrum of the Poschl-Teller well

is

1
V=——+

1
O, =alv—mn), 5 i

The QNM spectrum follows by analytic continuation
from the well back to the barrier. With the e*“* conven-
tion defined earlier, the result is

a? 1
wnp ==+ Vo—z—i—za n—|—§ , n=20,1,2,...

(32)
Equation (32) is exact for the Poschl-Teller barrier
and approximate for the Regge-Wheeler potential after
matching V; and V{'.
For the gravitational ¢ = 2 Regge-Wheeler potential
with M = 1, the maximum occurs at

_9+V/17

ro= (33)
and the matched parameters are approximately
Vo ~ 0.1513, o~ 0.1811. (34)
Eq. (32) gives
wp =~ 0.378 + 0.0905. (35)

For comparison, direct numerical calculations of the
Schwarzschild QNM eigenvalue problem give

wo =~ 0.3737 + 0.08907

which agrees well with our approximation [10]. This ap-
proximation worsens for higher overtones because they
are affected by more of the potential away from the peak,
and matching to only the peak is no longer sufficient.

THE ECKART POTENTIAL

The Eckart potential can be used to approximate the
Regge-Wheeler potential more accurately, since it has one
more shape parameter than the Poschl-Teller potential
[8]. The barrier can be written as

Vi(x) = Vo

— Vi cosh? i {tanh[a(z — xo) + p] — tanh pu}> .
(36)

Here «a controls the width of the barrier, x( sets the lo-
cation of the peak, and p is an asymmetry parameter. It
has the limiting values
Ve(—o0) =0, Vi (+00) = 2V} sinh(2p), (37)
and its value at © = xg is Vpe?#.
In the special case p = 0, the expression reduces to the
symmetric Poschl-Teller barrier,

Vo

VE(‘T)|M:O - cosh?[a(z — z0)]

(38)
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FIG. 1. The Regge-Wheeler potential plotted with the Péschl-
Teller and Eckart barrier approximations, using the shifted
tortoise coordinate x = 7. — r« 0.

The Eckart potential is useful because the extra asym-
metry parameter allows the two sides of the barrier near
the peak to have different shapes. This better cap-
tures the local asymmetry of the Regge-Wheeler poten-
tial, even though it still does not reproduce the exact
asymptotic behavior of the full potential. The Eckart and
Poschl-Teller approximations compared with the Regge-
Wheeler potential can be seen in Figure 1.

The inverted Eckart potential is also analytically solv-
able. The bound-state spectrum can be expressed as

Vo sinh(2p)
MV

2 1
An_\lvocosh2,u+ojl—oz<n+2). (40)

The allowed bound states are those for which A, is large
enough for the wavefunction to decay at both ends. Ana-
lytic continuation gives the corresponding QNMs. Defin-

0, = A, (39)

where

ing
2 1
a:\/V()coshzufa—, ba(n+), (41)
4 2
we obtain
. Vpsinh(2u)
== b+ ——=. 42
Wn, a-+i +2(:l:a+ib) (42)

It is useful to rewrite this result in a way that separates
the oscillation frequency from the damping rate. Defining

_ Vosinh(2u)

REGETN *3)

the frequency can be written as

w=wp + il wr = ta(l+A), L'=5b(1-A).
(44)

Note that A is not constant, but depends on the overtone

number through
1
b= - .
e} (n + 2)

As n increases, b increases and the denominator of A in-
creases, so A becomes smaller for higher overtones. For
the positive-y case, if A > 0, the real part of the fre-
quency moves closer to +a as n increases. For positive
frequencies, wr = a(1 + A) decreases toward a.

This feature of the Eckart approximation is missing
from the Poschl-Teller approximation. In the Pdéschl-
Teller limit, 1 = 0, so sinh(2u) = 0 and hence A = 0.
The Poschl-Teller formula then gives wrp = 4a as inde-
pendent of n, and only the damping rate changes with
overtone number.

The Eckart potential tells us that as the overtone num-
ber n increases, the real part of the black hole QNM
frequency decreases, while the damping rate increases.
Blome and Mashhoon emphasized that this behavior
agrees with numerical studies of Schwarzschild QNMs [8].

One drawback of the inverted Eckart potential is that
it approaches a negative constant on one side, so it sup-
ports fewer bound states than the inverted Poschl-Teller
potential. While the Eckart approximation gives a better
description of low-overtone QNMs, it still does not solve
the full Regge-Wheeler problem, which can instead be
approached numerically.

VOLKEL’S NUMERICAL EXTENSION

One important limitation of the inverted potential
method is that the bound-state spectrum of the inverted
potential must be known in closed form. This is why
earlier applications of the method replace the Regge-
Wheeler potential by a solvable approximation, such as
the Poschl-Teller or Eckart potential. Volkel’s 2022 pa-
per extends the inverted potential method by showing
how the bound-state spectrum can instead be computed
numerically and then analytically mapped back to the
QNM problem [11].

Volkel’s method keeps the same basic idea as the in-
verted potential method, but removes the need for an
exact bound-state formula. The numerically computed
bound states used here should not be interpreted as phys-
ical states of the black hole. They are ordinary bound
states of a constructed potential well, obtained by in-
verting the barrier that appears in the Regge-Wheeler
equation.

The inverted potential method needs an analytic ex-
pression for the bound-state energies before one can re-
late them to QNM frequencies. Volkel’s solution is to



compute the bound-state energies numerically for several
nearby choices of the potential parameters, then fit these
results by a local analytic formula. That fitted formula
can then be evaluated after applying the same complex
parameter transformation used in the original inverted
potential method.

For the Regge-Wheeler potential, Volkel introduces a
scaling parameter A multiplying the potential. This pa-
rameter acts as a bookkeeping device, where changing its
sign tracks the replacement of the barrier by the corre-
sponding well. After the numerical bound-state spectrum
has been fitted, he undoes this parameter substitution
and evaluates the result at the physical Schwarzschild
black hole value of A = 1. In this way, the calcula-
tion starts from a numerically stable bound-state prob-
lem but produces an approximation to the physical QNM
frequencies.

Volkel first tested the procedure on the Pdschl-Teller
potential, where the exact answer is already known, and
verified that the method reproduces the expected QNM
frequencies. He then applied the same procedure to other
approximate potentials matched to the Regge-Wheeler
potential. These alternatives improved on the simple
Poschl-Teller approximation, especially for the first over-
tone.

Volkel’s 2025 paper goes further by studying the nu-
merically calculated bound states of the inverted Regge-
Wheeler potential itself [12]. It is important to under-
stand that these states are not the physical QNM wave-
functions of the black hole. They are auxiliary bound
states associated with the inverted potential correspon-
dence. However, their spectrum and localization proper-
ties still give useful information about QNM overtones.
Volkel found that as the overtone number n increases, the
corresponding bound states become increasingly weakly
bound. Their energies approach zero approximately ex-
ponentially with n, rather than following a hydrogen-like
scaling of E, ~ —1/n?.

This result is useful for interpreting overtones. The
fundamental mode is largely controlled by the region
near the peak of the Regge-Wheeler potential, which lies
close to the photon sphere at r = 3M. Higher over-
tones are less local: in the inverted potential picture,
large-n bound-state wavefunctions spread over a much
wider range of x. They are therefore sensitive not only
to the height and curvature of the potential near its max-
imum, but also to the behavior of the potential further
away from the peak. This sensitivity is relevant for non-
isolated black holes: surrounding matter, such as an ac-
cretion disk, can perturb the effective potential and shift
the QNM spectrum [14, 15].

APPLICATIONS

The main astrophysical application of black hole
QNMs is in analyzing the ringdown stage of a black hole
merger. After two black holes merge, the final remnant
black hole settles, or “rings down”, by emitting gravita-
tional waves over a spectrum of primarily low-overtone
QNMs. The frequencies and damping times of these
modes are fixed by the parameters of the final black hole,
so measuring ringdown can be used to infer the remnant’s
mass and spin. This is the basic idea of black hole spec-
troscopy [9, 10].

QNMs also provide a way to test the no-hair theorem
in general relativity, which states that an isolated, sta-
tionary black hole is described completely by its mass,
angular momentum, and charge. Therefore, if multiple
QNM frequencies and damping times are measured from
the same black hole, they should all correspond to the
same mass, angular momentum, and charge. A mismatch
could point to environmental effects, measurement limi-
tations, or possibly new gravitational physics [9].

CONCLUSION

Black hole QNMs are not ordinary bound states due to
their boundary conditions: waves can escape to infinity
and fall into the black hole horizon. However, they can
be put into the form of a one-dimensional Schrédinger
equation, and tools from quantum mechanics can give
useful insight into the QNM spectrum. The WKB ap-
proximation relates the lowest modes to the height and
curvature of the potential barrier, and the inverted poten-
tial method relates barrier resonances to auxiliary bound
states. Black hole QNMs are not physically bound states,
but their interesting structure can be studied using the
quantum mechanical approach to bound states.
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